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Abstract
We obtain a sharp L2(Rn) bound for the maximal directional Hilbert transform over an arbitrary set of
directions.
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1. Introduction
Let D ⊂ [0,∞) with card(D) = N . Associated with this set D, we define a maximal Hilbert
transform
HDf (x) = sup
v∈D
∣∣∣∣∣p.v. 1π
∞∫
−∞
f (x1 − t, x2 − vt)dt
t
∣∣∣∣∣ (1.1)
where f ∈ L1loc(R2). The corresponding maximal operator is defined as
MDf (x) = sup
v∈D,r>0
1
2r
r∫
−r
∣∣f (x1 − t, x2 − vt)∣∣dt. (1.2)
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on the almost orthogonality of the decomposed pieces according to directions and interval sizes,
which is obtained by a very delicate stopping time argument on a paraproduct setting. Later
A. Alfonseca, F. Soria and A. Vargas in [1] gave another proof of Katz’s theorem. They obtained
the almost orthogonality by using the induction argument combined with the modification of
covering lemma of [2].
Compared with MD , the maximal Hilbert transform HD is very simple to treat in the sense
that the orthogonality is rather apparent on the Fourier transform side. In this article, we show
that the L2 bound of HD is also O(logN).
Theorem 1. Let D ⊂ [0,∞) be an arbitrary set with card(D) = N , then there exists a constant
C > 0 independent of the set D such that
‖HDf ‖L2(R2)  C logN‖f ‖L2(R2). (1.3)
This bound logN is sharp in the sense that there is a function f ∈ L2(R2) and a positive constant
c > 0 such that for D = {k/N : k = 1, . . . ,N},
‖HDf ‖L2(R2)  c logN‖f ‖L2(R2). (1.4)
2. Proof of Theorem 1
Our proof is based on the induction for the number of directions as in [1] and the square sum
estimate on the Fourier transform side as in [5].
Assume that for an arbitrary set D ⊂ [0,∞) with card(D) = N , we have a positive constant
C such that
‖HD‖L2(R2)→L2(R2) C logN. (2.1)
Under this assumption we shall show that for card(D′) = 2N ,
‖HD′‖L2(R2)→L2(R2)  C log 2N (2.2)
where this constant C is the same as (2.1). For N = 1, (2.1) is true with the bound 1. Therefore
(2.1) and (2.2) prove Theorem 1 for any number N of the form 2, which implies that 2C logN
is a desired bound for an arbitrary positive number N .
Let D′ = {v1, . . . , v2N } where 0 v1 < · · · < v2N . We define a directional Hilbert transform
for each fixed direction (1, vk) as
Hvkf (x) = p.v.
1
π
∞∫
−∞
f (x1 − t, x2 − vkt)dt
t
where k = 1, . . . ,2N,
Hv0f (x) = 0.
By using triangle inequality, we can observe that for k = 1, . . . ,2N,∣∣Hvkf (x)∣∣ sup
k=0,...,N−1
∣∣Hv2k+1f (x) − Hv2k f (x)∣∣+ sup
k=1,...,N
∣∣Hv2k f (x)∣∣.
Thus we control the supremum by the square sum to obtain that
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(
N−1∑
k=0
∣∣Hv2k+1f (x) − Hv2k f (x)∣∣2
)1/2
+ ∣∣HDf (x)∣∣ (2.3)
where D = {v2, v4, . . . , v2N }. By the assumption (2.1)
‖HDf ‖L2(R2)  C logN‖f ‖L2(R2). (2.4)
In view of (2.3) and (2.4), we see that (2.2) follows from the square sum estimate,∥∥∥∥∥
(
N−1∑
k=0
∣∣(Hv2k+1 − Hv2k )f ∣∣2
)1/2∥∥∥∥∥
L2(R2)

√
5‖f ‖L2(R2). (2.5)
Proof of (2.5). Each piece of the directional Hilbert transform Hvk is written as
Hvkf (x) =
(
f̂ (ξ1, ξ2)
(−i sgn(ξ1 + vkξ2)))∨(x)
where sgn(u) = −1 + 2χ[0,∞](u). Thus,
Hvkf = iIf − 2iΩ∨k ∗ f (2.6)
where I is an identity operator and
Ωk(ξ1, ξ2) = χ[0,∞)(ξ1 + vkξ2). (2.7)
By Plancherel theorem, it suffices to show
∣∣sgn(ξ1 + v1ξ2)∣∣+(N−1∑
k=1
∣∣2(Ω2k+1 − Ω2k)(ξ1, ξ2)∣∣2) 5. (2.8)
From the definition in (2.7) we find that supp(Ω2k+1 − Ω2k) is
{ξ : ξ2  0, v2kξ2 < −ξ1  v2k+1ξ2} ∪ {ξ : ξ2 < 0, v2k+1ξ2 < −ξ1  v2kξ2}.
Thus we see that for k = ,
supp(Ω2k+1 − Ω2k) ∩ supp(Ω2+1 − Ω2) = ∅,
which combined with the fact |sgn(ξ1 + v1ξ2)| = 1 implies (2.8). Thus our constant C in (2.1)
and (2.2) can be taken as any number greater than 5/ log 2. 
Sharpness of the logN bound. We show that there is f such that for D = {1/N,2/N, . . . ,
N/N},∥∥H2Df ∥∥L2(R2)  c logN‖f ‖L2(R2). (2.9)
We define two sets AN and BN so that
AN =
{
y: 5 < |y| < N, |y2| < |y1|, y1 > 5
}
,
BN =
{
x: 100 < |x| < N
100
, |x2| < |x1|10 , x1 < −100, x2 < 0
}
.
Define an L2 function f
f (y1, y2) = 1 χAN (y1, y2). (2.10)|(y1, y2)|
J. Kim / J. Math. Anal. Appl. 335 (2007) 56–63 59For any x ∈ BN , we can find v(x) ∈ {1/N,2/N, . . . ,N/N} satisfying that the line {(x1, x2) −
t (1, v(x)): t ∈ R} passes through the unit ball B(0,1) in R2. Thus by geometry we can see that
for any x ∈ BN ,{
(x1, x2) − t
(
1, v(x)
)
: 5 < (x1 − t) < N/2
}⊂ AN. (2.11)
For x ∈ BN , we consider the Hilbert transform along the direction (1, v(x))
Hv(x)f (x1, x2) =
∫
χAN (x1 − t, x2 − v(x)t)
|(x1 − t), (x2 − v(x)t)|
dt
t
. (2.12)
By the support condition of AN , 5 < x1 − t , and by the support condition of BN , x1 < −100,
which implies that t < −105. Therefore the above integrand in (2.12) is always single signed,
which is negative. Thus∣∣Hv(x)f (x1, x2)∣∣ ∣∣∣∣ ∫
{t : 5<(x1−t)<|x1|}
χAN (x1 − t, x2 − v(x)t)
|(x1 − t), (x2 − v(x)t)|
dt
t
∣∣∣∣. (2.13)
From the fact that |x1| < N100 < N2 , note that{
t : 5 < (x1 − t) < |x1|
}⊂ {5 < (x1 − t) < N/2}.
Combined with (2.11),
χAN
(
x1 − t, x2 − v(x)t
)= 1 in the integral of (2.13). (2.14)
From the fact that x1 < −100,
−2|x1| < t < −|x1| in the integral of (2.13). (2.15)
From the support condition of AN ,
1
|(x1 − t), (x2 − v(x)t)| 
1
2|x1 − t | in the integral of (2.13). (2.16)
Therefore we compute the above integral by using (2.14)–(2.16) to obtain that for x ∈ BN ,∣∣Hv(x)f (x1, x2)∣∣ ∫
5<(x1−t)<|x1|
1
2|x1 − t |
dt
2|x1|
= log(
|x1|
5 )
4|x1| 
log( |x|5 )
5|x| .
Hence∫ ∣∣HDf (x)∣∣2 dx  ∫
BN
∣∣Hv(x)f (x1, x2)∣∣2 dx
 arctan(1/10)
N/100∫
r=100
(
1
5
log( r5 )
r
)2
r dr
 1
103
(logN)3.
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5
1
r2
r dr  logN
yields (2.9). 
Remark 1. The above function f defined in (2.10) is used for showing the sharpness of logN
bound of the maximal operator MD . See Chapter 10 in [3]. We restrict y1 > 5 on AN and
x1 < −100 on BN in order to stop the cancellation of 1/t in (2.12).
3. Higher dimensional extension
For each  ∈ On = {2, . . . , n} and a fixed positive integer N , we let
D() = {vk : k = 1, . . . ,N, and 0 v1 < · · · < vN}. (3.1)
By using this, we define a set of Nn−1 directions as a subset of Rn by
D = {(1, v2k2, . . . , vk , . . . , vnkn): vk ∈ D() where  ∈ On}. (3.2)
We take supremum over D to define HnDf as
HnDf (x) = sup
V∈D
∣∣∣∣∣p.v. 1π
∞∫
−∞
f (x − tV )dt
t
∣∣∣∣∣.
In this section we prove a higher dimensional analogue of Theorem 1.
Theorem 2. Let n 3. Then there exists a constant C > 0 independent of the set D such that∥∥HnDf ∥∥L2(Rn) CN(n−2)/2‖f ‖L2(Rn).
This bound N(n−2)/2 is sharp in the sense that there is a function f ∈ L2(Rn) and a constant
c > 0 such that for D() = {k/N : k = 1, . . . ,N} in (3.1),∥∥HnDf ∥∥L2(Rn)  cN(n−2)/2‖f ‖L2(Rn) for n > 2.
Proof of Theorem 2. To each K = (0, k2, . . . , kn) with 1  k  N and  ∈ On, we assign a
direction in Rn by
VK =
(
1, v2k2, . . . , v

k
, . . . , vnkn
) ∈ D.
To this direction, we define a directional Hilbert transform HKf as
HKf (x) = p.v. 1
π
∞∫
−∞
f (x − tVK)dt
t
where f ∈ L1loc(Rn) and rewrite
HnDf (x) = sup
∣∣HKf (x)∣∣.
K
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D′() = {vk : k = 1, . . . ,2N and 0 v1 < · · · < v2N}. (3.3)
By using these sets we put a set of (2N)n−1 directions
D′ = {(1, v2k2, . . . , vj , . . . , vnjn): vj ∈ D′() where  ∈ On}. (3.4)
Now our operator Hn
D′ is defined as (3.1). Assume that for an arbitrary set D ⊂ [0,∞)n defined
as (3.2), we have a positive constant C such that
‖HD‖L2(Rn)→L2(Rn)  CN
n−2
2 . (3.5)
Under this assumption we shall show that for D′ defined as (3.4)
‖HD′‖L2(Rn)→L2(Rn)  C(2N)
n−2
2 . (3.6)
Then Theorem 2 follows from (3.5) and (3.6) inductively as we see in Section 2.
Proof of (3.6). We denote P(On) a family of nonempty subsets of On = {2, . . . , n}. Take a
set A ∈ P(On). For each μ ∈ On, we write eμ = (0, . . . ,0,1,0, . . . ,0) where 1 is located at
μth coordinate. For each K = (0, k2, . . . , kn) ∈ {0} ⊗ Zn−1N with ZN = {1, . . . ,N}, we define
K[A] ∈ Zn as
K[A] · eμ = 2kμ + 1 for μ ∈ A,
K[A] · eμ = 2kμ for μ ∈ On − A.
We can check that
K[∅] = (0,2k2, . . . ,2kn),
K[On] = (0,2k2 + 1, . . . ,2kn + 1). (3.7)
We use the triangle inequality for only HKf (x), where the coordinates of K with μ ∈ A are odd
numbers and the others are even. As a general form of (2.3), we obtain that
HnD′f (x) = sup
K∈{0}⊗Zn−12N
∣∣HKf (x)∣∣

∑
A∈P(On)
ω=card(A)∑
ω=1
sup
K∈Eω
∣∣HK[Bω ]f (x) − HK[Bω−1]f (x)∣∣
+ sup
K∈{0}⊗Zn−1N
∣∣HK[∅]f (x)∣∣ (3.8)
where for each A = {m1 < · · · < mcard(A)} ⊂ On above
Bω = {m1, . . . ,mω} for ω = 1, . . . , card(A) and B0 = ∅,
Eω = {K: 0 kν N − 1 for ν ∈ Bω and 1 kν N for ν /∈ Bω},
and
HKf (x) = 0 if kμ = 0 for some μ = 2, . . . , n.
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K∈{0}⊗Zn−1N
|HK[∅]f |
∥∥∥
L2(Rn)
 CN(n−2)/2‖f ‖L2(Rn). (3.9)
We apply the same square sum estimate of (2.5) in kω with other parameters kν with ν = ω fixed,∥∥∥ sup
K∈Eω
|HK[Bω ]f − HK[Bω−1]f |
∥∥∥
L2(Rn)

∥∥∥∥∥
( ∑
K ′∈Gω
N−1∑
kω=0
|HK[Bω ]f − HK[Bω−1]f |2
)1/2∥∥∥∥∥
N(n−2)/2
√
5‖f ‖L2(Rn) (3.10)
where
Gω =
{
K ′ = (0, k2, . . . , kω−1, kω+1, . . . , kn): 0 kν N − 1
for ν ∈ Bω−1 and 1 kν N for ν /∈ Bω
}
.
From (3.9) and (3.10) we obtain that L2 norm of (3.8) is majored by(
C + √5n2n−1)N(n−2)/2‖f ‖L2(Rn).
Choose a constant C such as C  10
√
5n2n−1 to obtain (3.6). 
Sharpness. Let us set D = {1} ⊗ (⊗n=2 D()) such that for  ∈ On
D() = {1/N, . . . ,N/N}.
Define a function f on Rn by
f (x) = χB(x)χ[0,∞)(x1)
where B is a ball with radius 10 on Rn. Then on the region
S = {x ∈ Rn: N/2 < |x| < N, x1 < 0}
with N sufficiently large,∣∣HDf (x)∣∣≈ 1/N.
This gives the desired estimate∫
Rn
∣∣HnDf (x)∣∣2 dx  ∫
S
∣∣HDf (x)∣∣2 dx ≈ Nn−2. 
Remark 2. Finding the sharp bound of HnD for the cases p > 2 and n 3 would be much more
difficult problem as we see from the Kakeya maximal operator conjecture.
Remark 3. It seems to be still an open question if the lacunary directional Hilbert transform is
bounded in Lp(R2) even for p = 2.
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